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ON COINCIDENCE OF CLASSES OF FUNCTIONS DEFINED BY 
A GENERALISED MODULUS OF SMOOTHNESS AND THE 
APPROPRIATE INVERSE THEOREM 

FATON M. BERISHA 



Abstract. We give the theorem of coincidence of a class of functions defined 
by a generalised modulus of smoothness with a class of functions defined by 
the order of the best approximation by algebraic polynomials. We also prove 
the appropriate inverse theorem in approximation theory. 



0. In [4 , an asymmetric operator of generalised translation was introduced, by 
means of it the generalised modulus of continuity was defined, and the theorem of 
coincidence of a class of functions defined by that modulus with a class of functions 
with given order of the best approximation by algebraic polynomials was proved. 

In our paper the analogous results are obtained for a generalised modulus of 
smoothness of order r. In addition, in the present paper we prove a theorem inverse 
to the Jackson's theorem related to that modulus of smoothness. 

1. By L p we denote the set of functions / measurable on the segment [—1,1] such 
that for 1 < p < oo 



ll/ll P = (£\K x )\ Pdx ) 

and for p = oo 



l/p 

< oo, 



ll/IL = ess su p 1/0)1 < °°- 

-1<X<1 

Denote by L p>a the set of functions / such that f(x)(l — x 2 ) a £ L p , and put 

ll/IU = l|/0)(i-^ 2 )1l P - 

By E n (f) p , a we denote the best approximation of the function / £ L p ^ a by 
algebraic polynomials of degree not greater than n — 1, in L PjQ metrics, i.e. 



E n (f)v, a = p ^ v Jf-P n \\ p , a 



where P„ is the set of algebraic polynomials of degree not greater than n — 1 . 
By E(p, a, A) we denote the class of functions / £ L PtQ , satisfying the condition 

E n (f) p , a < Cn-\ 
where A > and C is a constant not depending on n. 
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For a function / we define the operator of generalised translation T t (/, x) by 

T t (f,x) = — — 2T / ( 1 — ( x cos t — \/l — x 2 sint cos ip J 

— 2 sin 2 t sin 2 <p + 4 (l — a; 2 ) sin 2 t sin 4 

x f(xcost — \J\ — x 2 sin t cos <p) dy>. 

By means of that operator of generalised translation we define the generalised 
difference of order r by 

A\{f,x)=\ (f,x)=f t (f,x)-f(x), 

A r ti _ tr (/, x) = A tr (X (/, x),x) (r = 2, 3, . . . ), 

and the generalised modulus of smoothness of order r by 

u r (f,6) p , a = sup || A[ t r {f,x)\\ (r = l,2,...). 

|tf|<<5 ' p ' 

j=l,2,...,r 

Denote by H (p, a, r, A) the class of functions / G L p a satisfying the condition 

Wr(/,5)„,a <C<f A , 

where A > and C is a constant not depending on 5. 

2. Put y = cost, z = cosip in the operator T t (f,x), we denote it by T y (f,x) and 
rewrite it in the form 



+ 4 (i-. 2 )(i- y 2 )(i-z 2 ) 2 )/(i?) ,/: 



where R = xy — z\f\ — x 2 ^J\ — y 2 . 

We define the operator of generalised translation of order r by 

T'(f,x)=T y (f,x), 
T r yu ..., Vr (/, x) = T yr (/• ,.'. ;/ . (/, x),x) (r = 2, 3, . . . ). 

By P„ a '^\x) (y = 0,1,...) we denote the Jacobi's polynomials, i.e. algebraic 
polynomials of degree v orthogonal with the weight function (1 — x) a (l + x) 13 on 
the segment [—1, 1] and normed by the condition pj, a ^\l) = 1 [y = 0, 1, . . . ). 

Denote by a n (f) the Fourier- J acobi coefficients of a function /, intcgrable with 
the weight function (l — x 2 ) on the segment [—1,1], with respect to the system of 

Jacobi polynomials iPn' 2 \x)\ ; i.e., 

I J n=0 

a n (f) = f f(x)Pi 2 ' 2) (x) (1 - x 2 ) 2 dx (n = 0, 1, . . . ). 
We define the following operators, having an auxiliary role later on 

T,, v if,') = ^b) j\ (1 - R 2 2 (1 - V 2 ) (1 - z 2 )) f(R) ^ 



f(R) 



dz 



VT^l 2 ' 
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where R = xy — zyjl — x 2 yfl — y 2 , and the corresponding operators of order r 

Tk;y (/) x ) — T]~:y (/, X ) J 

n- vu ..., Vr (/, x) = T fc;J(r (/?;,; .. (/, x),x) (r = 2, 3, . . . ) 

for jfe = 1,2. 
3. 

Lemma 3.1. Let P n (x) be an algebraic polynomial of degree not greater than n — 1, 
l<p<oo,a>— ~ and p > 0. Then the following inequalities hold true 

\K(*)\\ P , a+i <Cxn\\P n \\ p!a , 

\\Pn\\p ia < C 2 n 2p \\P n \\ p ^ a+p , 

where the constants C\ and Gi do not depend on n. 

Lemma is proved in [2J. 
Lemma 3.2. The operators Ti- y and T^y have the following properties 
T 1;y (p^, X )=P^{ X )P^(yl 

T 2;a (p^\ X )=P^\ X )P^\y) 

for v = 0,1, ... . 

Lemma 13.21 is proved in [¥] . 

Lemma 3.3. Let g(x)T k . y (/, x) £ Li,% for every y. Then for k = 1, 2 the following 
equality holds true 

1 rl 

f(x)T k . y (g, x) (l - x 2 ) dx = I g(x)T k . y (f,x) (l - x 2 ) 2 dx. 
l J-i 

Proof. Let k = 1 and 

I 1= / /(z)T 1;y ( 9 ,a:)(l-x 2 ) 2 



-l 



1 (l - i? 2 - 2 (l - y 2 ) (1 - z 2 )) (1 - x 2 ) 

n J-i J-i v 1 — z 



2' 



where R = xy — z\/l — x 2 ^/l — y 2 . Performing change of variables in the double 
integral by the formulas 



= Ry + V^l-R?yJl-y 2 , 



(3.i) Ryi -V 2 ~ VyVT^W 

yji- (Ry + vVT^W^T^py 

we get 

h = \ J J (i - R 2 ) f (Ry + vVi-R 2 V^v") g(R) 

x(l- (Ry + Vy/l - R 2 y/l - y 2 ) ' - 2 (l - y 2 ) (l-V 2 ) 



dVdR 

Vi - v 2 



f 1 

J g(R)T 1 . y (f,R)(l-R 2 ) dR, 



which proves the equality of the lemma for k = 1 . 
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Let k = 2 and 



h= / f(x)T 2 . y (g,x)(l-x 2 ) dx 



/(x) ff (i?)(l~x 2 )^(l-z 2 )^ 



2; 



2 



Performing change of variables in that double integral by the formulas (|3.1j) we get 

x (1 - V-f -|S= = j\ g(R)T 2;y (/, R) (1 - i? 2 ) 2 dft 

Lemma 15751 is proved. □ 

Corollary 3.1. If f G £i,2j i/ien /or every natural number r we have T k . y ( f, x) G 
Li,2 (fc = l,2). 

Proof. Put g(a;) = 1 on [—1,1], considering that by Lemma 13.21 (see [TJ vol. II, 
p. 180]) 

T 1;y (M) = T lw (Pt 2 \x) = P^\x) P r\v) = \v 2 \ 

T 2-y (M) = 1, 

we have f(x)T k . y (l,x) G Li ; 2 {k = 1,2). Hence, applying Lemma 15731 we derive 
T kw (f,x)(l-x 2 ) 2 dx = Jj{x)T k . y {l,x){l-x 2 fdx (fc = l,2). 

Therefrom it follows that T k . y (/, x) G £1,2- Now the corollary is proved by induc- 
tion. □ 

Lemma 3.4. Let f G £1,2- For every natural number n the following equality holds 
true 

/l n—2 
T lw (f,x)p( 1 ' 1 \y)dy=J2 a ™W^ x )> 
- 1 m=0 

where 7 m (x) is an algebraic polynomial of degree not greater than n—2, and"f m (x) = 
for n = or n = 1 . 

Lemma 13.41 is proved in [1] . 

Lemma 3.5. Let q and m given natural numbers and let f G £1,2- For every 
natural numbers I and r (I < r) the function 

r r r /sm mts \ 2q+i 

Qf{x)=J Q ...J o Tl. costu _ costi (f,x)l[i^-^j S m 3 t s d tl ...dt r 

is an algebraic polynomial of degree not greater than (q + 2)(m — 1). 
Proof. Since 

/gin ™*£ \ 29+4 (9+2H™- 1 ) (g+2)(m-l) 

A s = I — r-f - ) = X! akCoskt s = ^ b k (cost s ) k , 
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it follows that 

(g+2)(m-l) (g+2)(m-l)+2 

,4 s sin 2 i s = b k (cost s ) k (l - cos 2 i s ) = c k (cost s ) k 

k=0 k=0 
(g+2)(m-l)+2 

,(1,1) 



E a fc P fc (u) (cosf.) (s = l,2,...,r). 



fc=0 



Hence we have 



(g+2)(m-l)+2 r t 2 g +4 



Qf{ X) = e «*/•••/ n 



/,-,, " ! '" ! 8 =1 V Sm 2 



x sin 3 t s dti .. .dt^idti + i .. .dt r / T^. costl cost; (/, x) P fc (M) (cosi/) sini ; 

Jo 



Let 



W,fe(^)= / Ji. costl) ... )C0Btj (f,x)P k [1 ' 1 \cost l )sintidti. 



Substituting y = cos we obtain 

9/ 



,*(*) = (^rcost 1 ,..,cost ! _ 1 (/,*),*) Pt 1 - 1 \y)dy. 



Using Lemma I3T41 we get 

k— 2 ^i 



= E W*) / T ^<U,..,cos ti _ 1 (/,i?)Pi 2 ' 2) (^) (l — R 2 ) 2 dR. 

m=0 ~ 1 

Considering Corollary 13.11 we have that T[z} ostl .... jCOSt ,_ 1 (/>P) G £i,2- Applying 
/ — 1 times Lemma 13.31 and Lemma 13.21 we obtain 



W,fc(») = E ^(a) / ^- 2 stii ... !COSt; 2 (/, J R)r 1;caBtl _ 1 (p, ( n 2 ' 2) ,p) 

m=0 

x (i - i? 2 ) 2 dp = ]r 7m (x)p r ( :4 o 2 ) (cost i _ 1 ) 

m=0 

x / i ''L I, cos< . (/, P) Pi 2 ' 2) (P) (1 - P 2 ) 2 dR 

fc-2 

= E 7m(^)Pm+2(cOSil) . . . P^ (COS tj_i) 
m— 

/I fe-2 /-l 

/(P)Pi 2 ' 2 )(P) (1 - P 2 ) 2 dP - E lm{x)a m {f) n ^(oost.), 
"1 m=0 s=l 

where a m (f) is the Fourier-Jacobi coefficient of the function / with respect to the 
system j Pm' 2 \x) \ . Substituting <pi t k{%) in the expression for Qi\x) we get 

I J m=0 

(q+2)(m-l)+2 fe-2 
Ql i x ) = E ttfc E Pmlm{x). 

Since 7 m (x) is an algebraic polynomial of degree not greater than k — 2 for k > 2 
and 7 m (a;) = for k = and k = 1, then the last equality yields that (ar) is an 
algebraic polynomial of degree not greater than (q + 2) (to — 1). 

Lemma 13.51 is proved. □ 
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Lemma 3.6. Let q and m given natural numbers. Let f € Li_ 2 . For every natural 
numbers I and r (I < r) the function 

f* r r /sin mts \ 2q+4 

Qf{x)= ... T^ costi _ costi (f,x)l[(—^-) S in 5 t s d tl ...dt r 
Jo Jo s=1 V sin y J 

is an algebraic polynomial of degree not greater than (q + 2) (to — 1). 

Proof. As shown in Lemma 13.51 

/ s in 2k\ 29+4 (9+2) (m-l) 

A ° = [^db) = E b k (^) k 

(g+2)(m-l) 



Sln "2 / k=0 



= E /3fcPf' 2) (cost s ) (» = l,2,...,r). 

fc=0 

Hence 



(g+2)(m-l) ^ ^ r /g m 2ni s \ 2 9+ 4 



e m •• / n 



x sin 5 i s dfi . . . dti-x dt t+1 . . . dt r \ T 2 . costi costi (/, x) pjf' 2) (costi) sin 5 t t dt 

Jo 

Let 

lM*) = I Ti tCOSti _ costi (f,x)P^ 2 \cost l )sm 5 t l dt l 



-*2;cost; 



{'LLt cost , P,( a,a) (cost,) sin 6 



Substituting y = cos U we obtain 

V>J,fe(z) = j T 2 . y (T^l^^ (f,x),x) 2) (y) (1 - y 2 ) 2 dy. 

Since operator T 2 . y (f,x) is symmetrical on x and y, i.e. for every function g holds 
T 2-.,y (fiS x) = T 2 . x (g, y), we have 

M*) = j\. tX (Ti%l stu ^ costi i (f,y),y) pf 2) (y) (l-y 2 ) 2 dy. 

Since Corollary O yields r 2 i ^o S ti,...,cost ! -i e L i,2, applying Lemma GO] we 

obtain 

^,*(*) = f J^lt^ost^ (f,v)T 2;x (if' 2 \y) (l-y 2 ) 2 dy. 

Considering the property of the operator T 2 - x from Lemma l3.2l we get 



iM*0 = 2) (*) , (/,2/)^ 2 ' 2) (y) (i - y 2 ) 2 dy. 

Applying Z — 1 times Lemma 13.31 and Lemma 13.21 we obtain 
rl>i, k (x) = P ( k' 2 \x)P (2 ' 2) (cosh) . . . if '^(costn) 

x f /(y)Pf' 2) (y)(l-y 2 ) 2 dy = Pf 2) (^K(/)npf 2) (cos^). 
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where au{f) is the Fourier- Jacobi coefficient of the function / with respect to the 

f (2 2) 1 °° (I) 

system < ' J (x) > . Substituting ijji^(x) in the expression for Q\ 1 (x) we get 

I J k—0 



(<?+2)(m-l) 

#>(*) = £ ^ 9,a, (»)- 
fc=0 



("2 2") 

Since ' (a;) is an algebraic polynomial of degree not greater than k, the last 
equality implies that Q^\x) is an algebraic polynomial of degree not greater than 
(? + 2)(m-l). 

Lemma is proved. □ 

Lemma 3.7. Operator T y has the following properties 

(1) The operator T y (/, x) is linear on f; 

(2) T 1 (f,x) = f(x); 

(3) T y (pi 2 ' 2) ,x) =Pi 2 ' 2) (o:)i?„(y) (n = 0,l,...), 

where R n (y) = P<${y) + § (l - y 2 ) P^'%); 

(4) T y {l,x) = l; 

(5) a fc (T„(/,a:)) = R k (y)a k (f) (k = 0,1,...). 

Lemma 13.71 is proved in [¥] . 

Corollary 3.2. If P n {x) is an algebraic polynomial of degree not greater than n—1, 
then for every natural number r, for fixed y%, y%, • ■ ■ , y r > functions 7T „ (P„, x) 
and A yi yr (P n , x) are algebraic polynomials on x of degree not greater than n—1. 



L emma 3.8. // -1 < x < 1, -1 < z < 1, < t < ir and R = xy + zy/l - x 2 x 
yl — y 2 , then — 1 < R < 1 and 

(x-v/l -v 2 + yzVi^x 2 ) 2 < (1 - R 2 ) , 

(^l-x^ + xz^l-y 2 ^ < (1-P 2 ), 

(l-^ 2 ) (l-z 2 )<(l-i? 2 ), 
(1-y 2 ) (l-z 2 )<(l-R 2 ). 

Lemma 13.81 is proved in [3] and [3] . 

Lemma 3.9. Let given numbers p and a be such that 1 < p < oo; 

- < a < 1 for p = l, 

i 1 3 1 / i 

1_ 2F <Qt< 2~^ forKp<oo, 

3 

l<a<- for p = oo. 

Let f € L p ^ a . The following inequality holds true 

\\ T y(f> x )\\ P , a < C Wf\\ P , a > 
where the constant C does not depend on f and y. 
Lemma 13.91 is also proved in [3] . 
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Corollary 3.3. Let given numbers p and a be such that 1 < p < oo; 

2 < a < 1 forp = l, 

1- — <a<--— /or 1 < p < oo, 
2p 2 2p 

3 , 
1 < a < — for p = oo. 

Let f € L p a . The following inequality holds true 

\K,.,y r (f>*)\\ p , a <C\\f\\ p , a , 
where the constant C does not depend on f and yj (J = 1, 2, . . . , r). 



The corollary is proved by applying r times Lemma l3. 91 taking into consideration 
Corollary O (see 0]). 

4. 

Theorem 4.1. Let q, m and r given natural numbers and let f € £1,2- The 
function 



(7m Y Jo 



X 



sin mt ° \ 29+4 



s—l v ^ 



Y\[ I ; ) sin 3 t s dh .. .dt r , 



where 



sin f ^ 29+4 



,, V sin I 



sin 3 i di, 



is an algebraic polynomial of degree not greater than (q + 2)(m — 1). 

Proof. To prove the theorem it is sufficient to show that for every I = 1,2, ... ,r 
the function 

1 r r r f sin m ± 3L \ 2q+A 

Q®(x) = -—I ... T< osti _ costi (f,x)l[ — S m 3 t s dt 1 ...dt r 
\lm) Jo Jo s=1 V sin y / 

is an algebraic polynomial of degree not greater than (g + 2)(m — 1). 
It is obvious that the function Q^ l \x) can be written in the form 

= * faS°(*) + ?Ql?W) > 



(7m) T 

where (x) and Q^\x) are the functions from Lemmas 13.51 and 13.61 respectively. 
But, then Lemmas 13.51 and 13.61 yield that Q">(x) is an algebraic polynomial of 
degree not greater than (q + 2)(m — 1). 

Theorem is proved. □ 

Theorem 4.2. Let given numbers p, a, r and A be such that 1 < p < oo, A > 0, 

r e N; 

a < 2 for p = 1, 

a < 3 /or 1 < p < 00 . 

P 

Let f € L p Q and 

Wr(/,«5)p,a <M*\ 
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Ther. 



E n (f) P , a < CM: 



—A 



where the constant C does not depend on f , M and n. 

Proof. It can easily be proved that under the conditions of the theorem, if / 6 L Pta , 
then / € ii i2 . 

We choose a natural number q such that 2q > A, and for each natural number n 
we choose the natural number m satisfying the condition 



(4.1) 



n — 1 — l 

< m < r + 1. 



g + 2 



g + 2 



For those q and m polynomial Q(x) defined in Theorem 14. II is an algebraic polyno- 
mial of degree not greater than n — 1. Hence 



E n (f) p , a < \\f(x)-(-iy +1 Q(x)\\ p 

1 



(7m) r 



7T />7r 



o Jo 



Aii,...,t r (/,*) 



n 



sin T 



29+4 



sin 3 t s dti ... (it, 



Applying the generalised inequality of Minkowski we obtain 
1 



'7T PTT 



£ „ (/) „<_y o ...j K 



n 



sin ■ 



t s \ 2 <?+ 4 



sin T 



sin 3 t s dii ... dt r 



^r.-FA''m n 



sin 3 t s ciii . . . di r . 



Hence, considering the conditions of the theorem we have (see [?, p. 31]) 



-^n(/)p,a — 



Ivl f 7 ^ f 7 ^ I r \ 



s=l 

1 



r / ■ rat \ 2 <3+ 4 
p,- / sm ^f* \ 



sm ■ 



sin 3 yj s cZii . . . dt r 



i (irnY Jo '"Jo 



sm 



sin 3 t* dt-i . . . dt r 



Applying the standard evaluation of the Jackson's kernel, considering inequal- 
ity (|4.1j) . we obtain 

E n (f) Pl a < C 2 Mm- x < C 3 Mn-\ 



Theorem 14.21 is proved. 



□ 
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Theorem 4.3. Let given numbers p, a, r and A be such that 1 < p < oo, r G N, 
< A < 2r; 

2 < a < 1 forp = l, 

i 1 3 1 / i 

1- — <«<--— /or l<p<oo, 

2p 2 2p 

3 

1 < a < — /or p = oo . 



If f £ Lp.a and 



then 



n 

U r (f,S)p, a <CMS\ 

where the constant C does not depend on f , M and 5. 

Proof. Let P n (x) be the polynomial of degree not greater than n — 1 such that 

11/ - p n\\ p , a = E n (f) p , a (n = l,2,...). 
We construct the polynomials Qk(x) by 

Q k (x) = P 2k {x) - P 2k -t(x) (fc = l,2,...) 
and Qo(x) = P\{x). Since for k > 1 we have 

\\Qk\\ p , a = \\P2 P2"-A\ I ,,a ^ W P * ~ /Up,a + Wf~ P ^L« 

= E 2 k (f)p, a + E 2 k-i (f) p a , 

then under the conditions of the theorem it follows that 

\\Qk\\ p , a < G x M2~ kX . 

It is obvious that without lost in generality we may assume that t s ^ (s = 1, 2, 
. . . , r). For < \t s \ < 6 (s = 1, 2, . . . ,r) we estimate 

7=||A[ li ... iir (/,x)|| p>a . 

For every natural number N, considering that linearity of the operator T ti (/, a;) 
implies the linearity of the operator Tj£ t (/, x), i.e. the linearity of the difference 
A u,...,t r (»), we have 

I < \\Al u ,„ >tr (f - P2»,x)\\ p>a + \\A r tl _ u (P2»,x)\\ pia . 

Since P 2 n(x) = Y,k=o Qk{x), w e get 



N 

I < \\A r ti _ tr {f~P 2N ,x)\\ pa + \\K,.,t r (Qk,x)\\ pia . 

fc=i 

Applying Corollary 13.31 we have 

N 

I<C 2 E 2N (/) Pja + 

fc=i 

Let TV be chosen so that 

( 4 - 2 ) ^ < 6 < 2^=1- 

We prove that the following inequality holds true 
(4.3) I k <C z M8 2r 2 k{2r - x \ 
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Let 



It can be proved that 



(4.4) if> k (x) = 



1 



t r pU /»7T 



2tt(1-x 2 )7 



u JO 



d 



(A(v)R v - 2A>(v)R> v )^-A r t -l iU _ 1 (Q k ,R v ) 



+ A"{v)A r t -\ >tr _ 1 {Qk.RvAdtpdvdu, 



where R v — xcosv — y/l — x 2 cos ip sin v, 

A(v) — 1 - Rl - 2 sin 2 « sin 2 99 + 4 (l - a; 2 ) sin 2 v sin 4 y>. 



Applying estimates from Lemma 13.81 and performing change of variables z = cos ip 
we obtain 



\Mx)\ < 



c 4 



t r ru r l 



l-x 2 J 



B{R V ) 



elz 



dv du, 



where 



B(R V ) = (1-i? 2 ) 2 



d 



dR 2 v 



dR v 



+ 



At" 1 .^, (Q fc ,i?,) = B 1 {R V )+B 2 {R V ) + B 3 {R V ). 



Therefore using the generalised Minkowski's inequality we get 



(4.5) h = \\Mx)L a < Ci 



J-uJ-l 



B(R V ) 



1-x 2 



dz 



, :Q vi - z 2 



: dv du. 



Let p = 1. Considering that a < 1 we obtain 

(■t r f« el fl 

J* < 



Let 1 < p < 00. Applying the Holder's inequality in the inside integral in 

3 i_ 

2 2p 



equation (|4.5I) . considering that a < | — ^ we obtain 



Zfe < Ca 




\B(R V )\P (1 - x 2 ) P(a - 1] (1 - ^)f(a-l) ^ 



(l-z 2 ) 2p (l-z 2 ) a+2p + 2 dzdvdu 

t r ru ( r l rl 



< & 



J —u K J-l J -1 



\B(R v )\ p (l-x 2 ) 



2 \p(a-l) 



(1 - z 2 ) 



p(a-i) da; dz ^ p 



dv du. 



Thus, under the conditions of the theorem, for 1 < p < 00 we have 



t r ru r r l rl 



h < c 6 



J-u I J-l J-l 



\B(R v )\P(l-x 



2\p(a-l) 



, ?\p(a-i) dxdz 1 " 



VT^T 2 



dv du. 
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Performing the change of variables in double integral by the formulas 



R = xcosv — zyl — x 2 svclv, 



V = 



we obtain 
h < C 6 



nu f f\ pi 
-u 



x sin v + z\/\ — x 2 cos v 
\J 1 — (x cos v — z\J\ — x 2 sin 

J L J L JB(R)\?(1-R 2 y 



2 \p(a-l) 



(1 - yajP(a-i)-4 ,,,,,,„_ 



Since, under the conditions of theorem a > 1 — it follows that 



h < C 7 



J — u KJ-l 



\B(R)\ P (l - R 2 ) p(a 1} dR\ dvdu 



<C s t 2 r \\B(R)\\ pa _^ 



Let now p — oo. Considering the estimates from Lemma 13.81 and that a > 1, 
inequality (|4.5p yields 



4 < Ci 




ess sup |.B(i?„)| (l — x 

/ll J-uJ-l -1<!C<1 

<C4p(*)IL,«-i 



2\ck— i dz 



: dv du 



J-uJ-1 



(l — z 2 ) Q+2 dzdvdu. 



Hence, considering that a < I we get 

Thus for all 1 < p < oo we proved that 

4<Cio^||i?(x)|l x . 



Applying Lemma 13.11 and Corollaries 13.21 and 13.31 under the conditions of the 
theorem we obtain 



h = |K_ tr (Q fcs x)|| < C w t 2 r \\B{x)\\ Pia . 



< 



C W t 2 r {\\B x {x)\\ p ^_ x + ||iJ 2 (z)llp,„-i + WBsix)]^) 
d 2 



ClO^r 



i>.<\ 



p,ot — 1 



< Cnt 2 2 2k 



p , (X 



Applying r times this inequality it follows that 

h <C 12 tf...t 2 r 2 2kr \\Qk\\ p , a 

Therefore we have 

h < C 13 MS 2r 2 k( - 2r - x \ 

Inequality (|4.3[) is proved. 
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Inequalities (|4.3p and (|4.2p yield 



, N x 

/ < C 14 M( 5 X + S 2r J2 2 fc < 2r - A ) J < C 15 M (<5 A + 8^ 2 N(2r-X)^ < CieM ^ 



fc=l 

Theorem 14.31 is completed. □ 

Now we formulate the theorem of coincidence of the class H (p, a, r, A) with the 
class E(p,a, A), and the inverse theorem. 

Theorem 4.4. Lei given numbers p, a, r and A be such that 1 < p < oo, < A < 

2r, r € N; 

i < a < 1 forp=l, 

i 1 3 1 / i 

1- — <«<--— /or l<p<oo, 

2p 2 2p 

3 

1 < a < — for p = oo. 

The class H(p,a,r, A) coincides with the class E(p,a, A). 

Theorem 14.41 is implied by Theorems 14.21 and 14.31 proved above. 

Theorem 4.5. Let given numbers p, a, r and A be such that 1 < p < oo, < A < 

2r, r e N; 

i < a < 1 forp=l, 

1 1 3 1 / i 

1 ~2^ <a< 2~2^ /° rl <P<°°' 

3 

1 < a < — for p = oo . 

If f € L p a , then the following inequality holds 

v 7 P,a „=1 

where the constant C does not depend on f and n. 

Proof. Let P n (x) be the polynomial of degree not greater than n — 1 such that 
\\f ~ Pn\\ v , a = E n {f) p , a (n = l,2,...), 

and 

Q fe (z) = P 2k (x) - P 2k -i (x) (fc = 1, 2, . . . ), 

Q (x) = P 1 (x). 

For given n we chose the natural number N such that 

- <2 N <n + l. 
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By the proof of Theorem 14.31 it follows that 



/, ~ ) < c 2 (e 2N (f) p<a + ^ r IKWI»- 

' p, a ^ ^=1 

/ 1 N 

< 2C 2 (E 2N (/) piQ + — J2 2 2Mr (E» (f) p , a + E^-i (f) p 

/ 1 N ~ 1 

< 4C 2 E 2N (f) pta + — £ 2 2 ^ +1 )^ 2 , (f) pta 



„ AT 

<^y 2 2 ^ r E 2 , (/) . 

Considering that for fj, > 1 we have 

2 f '-l 

v 2r - X E v (f) p a > E 2 » (f) p a 2M-i 2 (^D(2-i) > Ci 2 2 ^ r E 2 » (f) p a , 
it follows that 

1 \ r / w 2 * _1 

<^E^^(/W- 

^=i 

Theorem 14.51 is proved. □ 
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